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In this supplemental material, we present some of the proofs of the theorems of the main text.
We also demonstrate the usefulness of our method by further examples.
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Proof of Observation 2.

Let us assume that the state has £ " (o) = 0. Then,
from Eq. (8) it follows that there is a symmetric PPT
state wya such that Tr(Asawiz) = 0 and Try(wi2) = o.
Hence, for this state Tr 4 g (w12) = 0 and Faawiz = wia.
The symmetry of wio means that Faa Fppwia = wia.
Hence, Fpp/wia = wio also holds. We can write

T
wis® = (FaawinFaa)™? = Faawis

"BEAAr. (Sl)
Since Faas is unitary, me > 0 implies wz;“'B > 0.
Finally, we obtain

o™ = Trap (wis'”). (52)

Hence, wlTQ“'B > 0 implies ™ > 0. This proves the first
part of our observation.

To prove the second part, note that based on the dis-
cussion above wis is a 2:2 symmetric extension of p. It is
not necessarily a PPT symmetric extension since for the
A : BA’' B’ partition it can also be non-PPT.

Finally, the third part can be proved as follows. Let us
assume that p has a 2 : 2 PPT symmetric extension de-
noted by wi2. Hence, fAA/wu = W12 and .FBB/wlg = Wi2.
Moreover, wis is a PPT state. Hence, Tr(Aaawi2) = 0.

|

Note that Theorem 2 can be generalized to states that

have El(:l)( ) > 0, involving PPT symmetric extensions

and symmetric extensions to several parties.

Quantitative entanglement witnesses

In this section, we describe how our method can be
used to construct quantitative entanglement witnesses.
As an example, we present a condition for entanglement
witnesses, such that the expectation value of all witnesses
satisfying the condition gives a lower bound on El(lipt)
defined in Eq. (8). We also prove that for every state
0ap there is a witness of this type that gives not only a

0

lower bound, but gives the value of El(iflp exactly.

For the linear entropy of entanglement we needed to
minimize the expectation value of the operator M =
Aaa @1 g over all symmetric separable states wio with
a fixed reduced marginal Tro(w12) = pap. Consider now
an operator W = W p that acts on the original bipartite
Hilbert space. We require that is satisfies

M — Tgyy(W @ DIggun = P + MymQ" My, (S3)

where P,@ > 0. Here P is an operator acting only on
the symmetric subspace of the two copies Sym(Hff?B),
while @ acts on the full tensor product ’Hf% but we only
used the projected symmetric part of the partial trans-
pose. For such a decomposition, it can be shown that its
expectation value for wis is

Tr{[M — Hgym (W @ 1)Igym]wia}
= Tr(Pwi2) + Tr(Msymwiallsym Q™)
= Tr(Pwi2) + Tr(quTl)
= Tr(Pwi2) + Tr(wlg (S4)

The projectors onto the symmetric subspace Ilgy, can be
dropped in the third line since w15 is supported only on
it. In the last line we used Tr(XY71) = Tr(X 1Y), while
nonnegativity holds because all occuring operators are
positive semidefinite. Hence, Eq. (S4) can be rewritten
as

Tr(Mwlg) Z Tr(HSym(W ® l)Hsymwlg)
=Tr(Wpap), (S5)

where we have further simplified the right-hand side us-
ing that wyo has a fixed reduced density matrix. Since
Eq. (S5) holds for any valid state wio, it holds in partic-
ular for the one yielding the linear entropy of entangle-
ment, thus we arrive at

Ein(pag) = Tt(Wpap). (S6)

Hence the expectation value of our witness provides a
lower bound on the linear entropy of entanglement.
Next, we will show that for a given quantum state pap,
if we optimize over all such witness operators, it is always
possible to find one that saturates the inequality (S6).



Observation 3.—For the linear entropy of entangle-
ment we obtain

Ein(pan) > EEN (pap) = sup Te(Wpap),  (S7)
wew

with W being the set of all operators W of Eq. (S3).

Proof. The proof is given by applying the dual form
of a semidefinite program [59], which has been employed
in a variety of different quantum information problems.
In particular we refer to Ref. [18] which explains such a
procedure very nicely for the separability criterion based
on symmetric extensions. We have structured the proof
in two parts: In the first part, we show an equivalent
formulation on the two-copy level. Afterwards we further
simplify this dual problem to interpret it as an operator
acting on a single density operator using techniques that
were introduced in Ref. [18].

In the first part, we parse the original problem as given
in Observation 1 into the form of a semidefinite program
and invoke its dual, which provides the same solution.
In order to achieve this one should note that the two
conditions, wis just supported on the symmetric sub-
space and the linear equations Tr;(w) = Tra(w) = pap
can be satisﬁed automatically with an appropriate ansatz
wia(x) = Wi + > xiF;. Here Wi = >, siB; is the
fixed part of two-copy density operator such that the
marginals equal to pap (its precise form being discussed
later), while the remaining part )", z; F; is the yet to be
determined part on the symmetric subspace, t.e., the set
of operators {B;}; U {F;}; is a Hermitian operator basis
for the symmetric subspace Sym(H®?). With this the
primal problem reads

inf  Tr(Mwi) + Z:ciTr(ME-) (S8)
st wia(x) = Wi +Z%F >0,

wia(x)" = (i) + Z:czFTl >0,

where one should note that wi2(x) acts on the symmetric
subspace, while wy2(x)™* acts on the full tensor H®?.

Taking this into account, it is straightforward to in-
voke the dual and to derive an equivalent optimization
problem. That this dual program provides the same so-
lution is certified for instance via the Slater regularity
condition [59], which holds since this problem has an in-
ner point, i.@., w12 = Hsym(pAB & pAB)Hsym > 0 if PAB
has full rank; otherwise one should constrain H anyway
to the range of pap. Since such reformulations have been
carried out quite frequently, we refer here only to the lit-
erature, and continue with its solution, which is given

sup  Tr(Zgxwis) (S9)
s.t. M — Zﬁx = Psym + HsmeTIHSymv

:ZziBia
Psym > OaQ > 0)

where similarly Psym acts on Sym(H®?) and @ on the
full tensor product space. This finishes the first part.

In the remaining part we show how the objective of
Eq. (S89) can be interpreted as an operator on the single
copy For that we need some structure of the fixed part
wiX that is given by the reduced state pap. The idea
follows closely the ideas of Ref. [18], though we need to
do it here for the symmetric subspace.

To start, note that any given density operator pap
can be written as pap = 1/d + >, Tr(S;pan)S; with
{S;}: being an operator basis for the traceless Hermitian
operators. Next let us define O; = Ilgym (S ® 1)Lgym.
The expectation values of all these operators O; are com-
pletely determined by the reduced state Tr(O;wi2(x)) =
Tr(O;w!i¥) = Tr(S;pap), and since all these state coef-
ficients are independent this means that the set {O;};
is linearly independent. This implies a positive definite
Gram matrix G;; = Tr(0;0;) > 0, a unique inverse G,
and the existence of the operators O; = > (G150
These operators are the corresponding orthogonal oper-
ators Tr(0;0;) = &;, so that the fixed part becomes

w12 = sym/dsym+ZTr zW12 )O;

= Hsym/dsym + Z Te(Sipas)0;. (S10)

Note that also the desired dimensionality of d> matches,
since Try(wi2) = Tra(wi2) = pap are excatly d? indepen-
dent linear equations. To transfer this to the single copy
level we write this solution in terms of a map applied to

A[pAB] = wflgca

= Tr(pap)eym/dsym + ¥ _ Tr(Sipap)O0;. (S11)

%

Alpas]

This map has the adjoint map, i.e., the map satisfying
Tr(XA[Y]) = Tr(AT[X]Y) for all matrices X,Y,

AY[Z] = Te(Z)1 /deym + > Tr(0:2) ;. (S12)

Via this we can finally make the connection to the single
copy level by

Tr(Zaxw!) = Tr(ZaxAlpan])
= Tr(A[Zay)pan)

where we defined the single copy witness Wz = AT[Zg,]
in the last equation, parametrized in terms of the coeffi-
cients of Zg. However since we want to have the witness

=Te(Wzpag), (S13)



as the open parameter we need to parametrize Zpyx (W)
in terms of the witness W. Setting

Zﬁx(W) = 1_[sym(VV &® l)Hsyma

= dTe(W)gym + Y Te(S;W)0;  (S14)

achieves A[Zax(W)] = W. Via this we can finally replace
all occurrances of Zg, in Eq. (S9) by W and we obtain
the stated result of the observation. ]

Note that one can obtain other quantitative entangle-
ment witnesses if one replaces the decomposable struc-
ture, as given in Eq. (S3), by a different entanglement
witness condition. It is easy to see that if the opera-
tor M — Ilgym (W ® 1)IIsym is non-negative on separable
states then Tr(Wpap) gives a lower bound. Compared
to other possibilities, the advantage of the witness (S3)
is that the optimization (S7) to get the lower bound can
be carried out with semidefinite programming.

We also add that if one only has measured a few ob-
servables {O; }; then to get a lower bound one merely has
to add the constraint W = . w;O;, which means that
the witness is a linear combination of the measured ob-
servables with coefficients w;. Then, we have to optimize
>, wiv;, where v; are the corresponding expectation val-
ues (O0;),.

Finally, if one also wants quantitative entanglement
witness for the other tasks one can proceed similarly. For
instance, if one likes to bound the tangle one demands
that T — Hgym (W ® 193)I4yy, is a non-negative on all
fully separable states, thus it is an entanglement witness
to test against full separability.

Other quantities that can be calculated by our
approach

Convex roof of the Meyer-Wallach measure—The
Meyer-Wallach measure is an entanglement measure for
pure states defined as [36]

N
= % Z Slm Qn

where ¢, is the reduced state of the n'™ qubits. This
measure can be generalized to include the reduced states
of multi-qubit groups [37]. Our method can calculate
the convex roof of the measure (S15) and the generalized
measures as well.

Holevo capacity—The linear Holevo x capacity is de-
fined as [65, 66]

(S15)

)= 3 Sl |\Ifk>>]}

($16)

A) = max Shin (A
X2( ) {Pka‘l’k>}{ :

It is a capacity measure for a channel A. For qubit chan-
nels, explicit formula is given in Ref. [66].

Convex and concave roofs in entanglement conditions
with the quantum Fisher information and the variance.—
First, let us see simple entanglement conditions with the
quantum Fisher information and the variance. We start
from the fact that for pure N-qubit states

(AT + (AT + (AT =& (S17)
holds. Next, we need the fundamental properties of the
quantum Fisher information F[p, A] in our criteria [67]:
(1) For pure states Fg[p, A] equals four times the variance
(AA)2. (ii) For mixed states, it is a convex function of

the state. Hence, for separable states follows [38]

1N Fale ] < &

l=z,y,z

(S18)

Due to the concavity of the variance, we can obtain a
similar entanglement condition with variances as [39]

(AT2)? + (ATy)* + (A.)? > 5. (S19)
Any state that violates Eq. (S18) or Eq. (S19) is entan-
gled.

The conditions (S18) and (S19) can be improved if we
take the concave and convex roofs, respectively, of the
left-hand sides of Eq. (S17). Hence, alternative separa-

bility conditions arise

min E Dk E (AN, <%, ($20)
{pr:|Tx)} =
and
max § AJ)Z >N 991
{Pr,|Tk)} Pk Z ( l)\yk >3 (S21)

k l=z,y,z

Any state that violates these is entangled. Numerical ev-
idence shows that Eq. (S20) is stronger than Eq. (S18).
Moreover, numerical evidence shows also that Eq. (S21)
is stronger than Eq. (S19). These ideas can be extended
to improve other entanglement conditions based on vari-
ances [40].

We note that Ref. [41] shows that 2 x 2 covariance
matrices Cyp(A4, B) can always be decomposed as the

Co(A,B) =Y piCu, (A, B), (S22)
k

where ¢ has the decomposition as in Eq. (3). Hence, we
know that the bound on the sum of two variances cannot
be improved this way. However, Ref. [42] demonstrates
that such a decomposition is not always possible for 3 x 3
covariance matrices. This is connected to the fact that
the bound for separable states for the sum of three vari-
ances can be improved.



Quantum Fisher information from a fidelity measurement
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FIG. S1: (a) Lower bound on Fglg, J.] based on the fidelity with respect to the three-qubit GHZ state. (b) Lower bound on
Folo, Jy] based on (J2) for various values of (J.) and for (J;) = 0, for N = 3 qubits.

Quantum Fisher information based on incomplete
data.— The quantum Fisher information can be bounded
from below from partially known data. That is, we know
the expectation value of some operators, and want to find
a lower bound for the quantum Fisher information. The
problem can be mapped to a semidefinite optimization
in the two-copy space. A very good lower bound can be
obtained if we optimize over PPT states.

For that we can use that the quantum Fisher informa-
tion is, apart from a constant factor, the convex roof of
the variance [43]

Folo,A] =4 min AA)Z .
cle ] {pmmzk:pk( Jo

(523)
The variance of a pure state |¥) can be expressed on two
copies as

(AA)F =Tr[(A? @1 — A A)| )T [T)(T|]. (S24)

Hence, a lower bound on the quantum Fisher information
can be obtained as

Fg™ o, Al = min (A’ @1 -~ A® Ajwra),

w12
s.t.  wie symmetric, PPT,
Tr(Oiwl) = V;, (825)
where the constraints are given with the expectation val-
ues v; = (O;),. The optimization (S25) can straightfor-
wardly be carried out with semidefinite programming.
In Fig. Sl(a), we present a simple example where a
lower bound on the quantum Fisher information Fg|o, J.]
is shown based on measurements of the fidelity with re-
spect to the GHZ state. Below a fidelity of 1/2, the bound
for Fglo, J:] is zero. This is due to the fact that the

product state |11..111) reaches this fidelity value, while
Fglo, J.] is zero for this state. If the fidelity is 1, we
obtain Fglo,J.] = N? and Fglo, J;] = N, as expected
[38].

In Fig. S1(b), we present a bound on the quantum
Fisher information based on collective measurements, rel-
evant to spin squeezing. Note that for well polarized en-
sembles, increasing (J2) leads to decreasing Fg|p, J,]. On
the other hand, for small (J,), increasing (J2) leads to
increasing Fg|p, Jy]. Some of the curves have points only
in certain ranges of (J2), as there are no physical states
corresponding to measurement results outside of these
ranges, assuming a given value for (J,) and (J,) = 0.

Similar methods can be used for bounding the variance
of an observable from above based on the expectation
value of other observables. We can use that the variance
is the concave roof of itself [43]

(AA)? = (S26)

2
{pfﬁﬁ};pk@m“'
The difference between the two cases is that for the quan-
tum Fisher information we have to look for the minimum,
while for the variance we have to look for the maximum.

Genuine multipartite entanglement.—It is possible to
define quantities that detect true multipartite entangle-
ment and can be evaluated with our method. Let us
define

G = min Shinn (¥ S27
{phw}zk:pkl;[l (1)) (527)

where Sjin, (|¥)) is the linear entropy for the n'! biparti-
tion of the qudits. To be more precise, Siin,(|¥)) is the
linear entropy of the reduced state of the qudits in one of



the two partitions for the n*® bipartion. If G = 0 then the
state is biseparable, otherwise it is genuine multipartite
entangled.
Similar idea can work such that only a sum of entropies
must be computed by defining
H = min

nEinn n)s
iy zﬂ:p tinn (0n)

s.t. angn =0

where FEly,, is linear entropy for the n'" bipartition. If
H = 0 then the state is biseparable, otherwise it is gen-
uine multipartite entangled. If, instead of Ey,(g), we
calculate EPP") given in Eq. (8) then Eq. (S28) can be
obtained via a semidefinite program. The advantage of
Eq. (S28) is that only two copies of the original state are
needed to calculate the value with our approach, while
for the formula (S27) we need much more copies. The
formalism of Eq. (5S28) is in the spirit of the PPT mixer
detecting genuine multipartite entanglement [44].

Note that a three-qubit state mixed from states that
are PPT with respect to some partitions have been found
that is genuine multipartite entangled [45]. Thus, de-
tecting genuine multipartite entanglement is a non-trivial
task.

(S28)

Device independent programs

In this section, we explain the methods to obtain lower
bounds on the linear entropy of entanglement for the de-
vice independent scenarios; either in the steering case
where only the apparatus of one side is uncharacterized,
or in Bell-type scenarios where both sides are unknown.

We will use the tool presented in Ref. [15], resting on
ideas from Ref. [46, 47], which transforms the problem
of estimating entanglement in a device independent sce-
nario into the more common problem to lower bound the
entanglement of a given fixed finite-dimensional system
having only partial information. The method uses in-
stead of the quantum state o of unkown dimension, a
finite dimensional object x which captures most of the
properties of the state.

To set the stage, let us assume that on a given side,
say system A, one only knows the number of settings
r = 1,...,n and respective outcomes a = 1,...,m.
This measurement scheme is described by a collection
of POVM elements M,,, which act on a Hilbert space
H 4 of unknown dimension. To this measurement sce-
nario one now associates a specific completely positive
local map: Aa(oa) = >, Fr gAF,I with Kraus operators
Fy = > 71i) 1 A(k|M;. Here |k)4 and |i) ; are respective
basis states of the input and output Hilbert spaces, while
Mj are operators out of a chosen set M on which we com-
ment shortly. However, via this structure, first observe

that this map transforms a given input state g4 to
Xa = Aafoa] = > [1)GITr(M] Miga), (529)

ij

hence an output with matrix elements given by certain
expectation values. At this stage the specific opera-
tor set M becomes important, since so far we know
nothing about x 7 because we neither know g4 nor M;.
The only knowledge that we have are certain generic
properties of the POVM elements M,,, more precisely
we have (i) positivity Mg, > 0, (ii) normalization
YoM, = 1 and (ii4) that each operator M, is a
projector. Here note that by Naimark’s extension any
measurement can be written as a projector onto a larger
dimensional space. Since for most device independent
tasks this extension does not change the underlying tasks
this property can be assumed without loss of generality.
Maja M)y = 6aar Mg),- In addition note that the expec-
tation values of each measurement operator is observable,
(iv) Te(Myjp04) = Plalz).

Via these four properties one can thus choose specific
operator sets M such that one has at least some partial
information on x z. For instance, if one chooses M to
consist of the measurement operators M = {M,|z}a,z
one knows for instance

Tr(Ma|xMa’\zQA) = 5aa’T‘r(Ma|mQA)

= baa P(alz), (S30)

while other entries like Tr(Mg oMy |r04) With 2 # '
are still unknown. Nevertheless via this one gets some
partial knowledge and some structure of y 7, which can
be captured by an explicit parametrization as

XAlPu] = X™[P] 4+ X" [u]

= ZP(aLr)Za‘z + ZUUZU,

alz v

(S31)

using appropriate operators Z,|, and Z,. Here the first
part represents the known part of x 5, while the second
one is the restricted open unknown part.

Such a structure can be inferred for any choice of M.
For instance, one could remove some linear dependencies
of the just given example set if one adds the identity
and erases the last outcome for each measurement setting
My = {1} U{Myjz}a<n,- In addition note that one
could also enlarge this set by including also products up
to N POVM elements My, so for instance My = My U
{Mg)zMor\2r Ya,a’ <n,zsar, already removing trivial parts.
In this way one gets further relations like

> Tr(Maje Moo Moo May,) = Plal) (S32)

if z # 2'. The advantage of including products is that one
gets a tighter, more constrained, description. This set of



operators My is precisely the one which has been mostly
used [15], since it is very straightforward to “decode” all
the known structure. Still there are other possibilities,
like My = { My, 1 May)2- .. My, |n}ay,....a, - Here it might
be harder to deduce all the structure but it has for in-
stance the advantage that the associated map A 4 is then
even trace-preserving, thus x s can be completely inter-
preted as an output quantum state; something which is
not directly possible if one uses My.

Now let us come to the concrete cases. At first let
us discuss the fully device independent case where both
sides are completely uncharacterized. If we locally ap-
ply the just described trace-preserving physical map (us-
ing for instance the choice M;) we transform any state
04p into another bipartite state x 15 = Aa ® Ap(0aB)-
Since an entanglement monotone does not increase un-
der local operators and classical communication, we get
E(oap) > E(xip) and thus we obtain a valid lower
bound by estimating the entanglement of the output
state. Hence if we want to bound the linear entropy of en-
tanglement by seeing a certain value of a Bell inequality
I-P =YV we use

Epin(I-P=V)

> min
wiz2,u, P

(S33)
TI“(A12W12)

s.t. wig is dg X dp, symmetric, separable,
open

w1 = X5 = X55[P] + xP5"[u] >0,
Ichsh -P= V,

Now let us turn to the steering case, where we as-
sume that Alice’s side is uncharacterized while Bob ob-
tains complete tomography. Then the data are given
by the collection of unnormalized density operators £ =
{0ajz}a,x for Bob with P(alr) = Tr(g,,). In principle
we can use the same method as for the fully device inde-
pendent case by employ the trace-preserving local map
only on one side x ;15 = As ®id[pap] and then bounding
the linear entropy of entanglement of the output state.

However in this case we can do slightly better, since it
is possible to bound the linear entropy of entanglement
more directly on the original state 0 4p. This is in similar
spirit as the negativity of Ref. [15] and Ref. [16]. Suppose
we apply the same local, not necessarily trace-preserving,
local map to the two copies x12 = X445 = AAa@AA®
id[wy2]. Then we can relax the constraint that wis is the
symmetric PPT state of two qudits by x12 > 0, x1T21 >0
and the permutation invariance

Fx1aF Aa @Ay ®id[]—'w12]:]

= As ® Mg ®id[wi2] = x12-

(S34)

Note that since the identity is within the set M we have
that the data of xap = Aa ® id[pap] are included in
X12, thus we can directly parametrize yi1o = xi5[€] +
X715 [u]. The key difference compared to the previous

Entanglement estimation from steering
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FIG. S2: Entanglement quantification via the simplest steer-
ing cases according to Eq. (S36).

case is that the objective value is still accessible. Due to
the symmetry of the linear entropy of pure states, it is
not surprising that A 1gp = 144 App’ holds on the
symmetric subspace of the two copies. However, because
the identity is included in M and because Bob’s side is
charaterized, the expectation value of 144 App’ is given
by a linear function of the values x12; this linear function
is denoted by Tr(Ex12) as a shorthand. Then we get as
a lower bound

Emin(€) > min Tr(EXlg) (S35)

st x12 = XI[E] + x5 ] > 0, x{5 > 0.

Before we conclude, let us point out that for both pro-
grams one can obtain sharper bounds if one includes more
products into the generating set M. This is very straight-
forward for the steering case, but even such programs
quickly reach the border of being feasible. Here it remains
to investigate which particular sets M are more suitable
than others. We leave this open for further investiga-
tion. If one combines these ideas with, for instance, the
Schmidt number program then one could access even the
Schmidt number (often taken as a synonym for quantum
dimension) also in a device independent way.

As an example we were investigating the simplest steer-
ing scenarios, where Alice, the uncharacterized side, has
either two or three dichotomic measurements and Bob
performs full tomography on his qubit. In this case the
available data are given by the corresponding probabil-
ities for Alice P(r|s), with r € {£1} denoting the out-
come and s € {1,2, 3} the setting, and the corresponding
conditional states for Bob pys.

For the examples we assume the following data

P(T|S) = %7 pr|s = %(]]- - TpDUs)v (836)

with o5 denoting the standard Pauli matrices. Such data
are for instance generated by measuring the noisy singlet



state of two qubits in the standard spin directions. Fig-
ure S2 shows the corresponding lower bound for the lin-
ear entropy of entanglement. We remark that the points
where the lower bound becomes trivial coincide with the

7

analytic cut-off value pp < 1/v/2 and pp < 1/4/3 respec-
tively, while the lower bound at the maximum, Fy;, = 1
is exact, since such observations require at least a maxi-
mally entangled two-qubit state.



